The coupling of molecular diffusion and chemical autocatalysis leads to propagating chemical fronts. The specific type of autocatalysis determines the thickness and speed of the front. Chemical fronts in liquids separate reacted from unreacted fluids with a corresponding mass density gradient. These differences may lead to convective flow which enhances the speed and determines the curvature of the front. The transition to convection is determined not only by the spatial geometry and density differences, but also by the type of chemical reaction. We determine the transition to convection for chemical fronts with different autocatalytic reactions of different order. We study fronts propagating in porous media, in viscous fluids, and fluids confined in a vertical slab. We compare these results with the results based on a thin front approximation using an eikonal relation.
I. INTRODUCTION
Chemical reaction fronts result from the interaction between chemical autocatalysis and molecular diffusion. The resulting speed and shape of the fronts depend on the type of autocatalytic reaction. Fronts with quadratic autocatalyis have significantly different speeds and thicknesses compared to fronts with cubic autocatalysis.
1 More recently P. M. McCabe et al. studied the propagation of fronts with autocatalysis of higher order, as well as fractional order. 2 Modeling of chemical front in the iodate-arsenous acid reaction required a third-order polynomial, 3 whereas a fourth-order polynomial is required for the chlorite-tetrathionate reaction. 4 As the reaction takes place in liquids, the chemical fronts separate reacted from unreacted fluids with a corresponding mass density gradient. These differences may lead to convective flow which enhances the speed and determines the curvature of the front. Several experiments have established the impact of convection on the propagation of chemical fronts. A series of detailed experiments by Masere et al. showed that convection increases the front speed and changes the curvature of the front. 5 In tubes of small diameter, the front is flat indicating no convection, where in tubes of larger diameter the front is nonaxisymmetric, and for even larger diameters the front is axisymmetric.
Recent experiments by Müller et al. have measured the growth rate of perturbations to flat fronts in the iodatearsenous acid reaction propagating inside a Hele-Shaw cell. 6 These fronts can be modeled using an eikonal relation between the curvature and the normal speed, neglecting the front thickness, 7 or using a full reaction-diffusion equation for chemical front propagation, which will include front thickness and speed. 8 These models for chemical front propagation, have to be coupled to the hydrodynamic equations that describe the fluid motion. Flows in narrow vertical slabs are well approximated by Darcy's law that applies to flows in porous media. 9 However, the results for the reaction-diffusion model and for the eikonal relation model are very different from each other with this type of flow. 10 In contrast, the eikonal relation is a good approximation for viscous flows described by the Navier-Stokes equations, with similar results to the solutions using the full reactiondiffusion equation.
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More recently, Martin and collaborators 12 used Brinkman's equation to model flows in vertical slabs, finding good agreement between the eikonal approximation and the reaction-diffusion equation, also obtaining good agreement with the experiments. Further experiments for the chlorite-tetrationate in Hele-Shaw cells 13 were modelled using Darcy's law with a reaction term that includes a fourth order polynomial. 14 Previous theoretical work has compared the critical parameters for the transition to convection for fronts with quadratic and cubic autocatalysis. 15 It was found that if the spatial domain is wide ͑compared to the front thickness͒ the results of cubic autocatalysis in viscous flows can be approximated with the eikonal relation, however, this is not the case for quadratic autocatalysis. That work focused in flows described by Darcy's law and Navier-Stokes equations, but a better description for flows in Hele-Shaw cells can be achieved using Brinkman's equation.
In our present work, we study the effects of higher order autocatalysis in vertical slabs modelled with Brinkman's equation. We also compare the results for higher order autocatalysis for flows described with the Navier-Stokes equations and with Darcy's law. We not only focus on the transition to convection, but we also study the nonlinear regime near the onset of convection by solving numerically the reaction-diffusion equations, thus obtaining the increase of speed of the fronts as convection sets in. 
II. EQUATIONS OF MOTION
We analyze autocatalytic chemical reactions 1 of order n A→B, rateϭk 1 ab n .
In this reaction the sum of concentrations must be equal to the initial concentrations aϩbϭa 0 ϩb 0 . The initial medium corresponds to b 0 ϭ0 with a localized initial perturbation to trigger the chemical front. Using this fact and coupling to molecular diffusion in a fluid with a local velocity V, we obtain an advection-reaction-diffusion equation on the concentration a
The fluid velocity V is governed by the corresponding hydrodynamic equations. In this work, we study flows in porous media described by Darcy's law
viscous flows described by the Navier-Stokes equations in the Bousinesque approximation
and Brinkman's equation for flow in a two-dimensional vertical slab
In these two equations P is the pressure, 0 is the mass density of the unreacted fluid, g is the magnitude of the acceleration of gravity, is the kinematic viscosity, ẑ is a unit vector parallel to the gravitational field directed upward, k is the coefficient of permeability of the porous medium, d is the separation between the parallel walls. In a Hele-Shaw cell, the coefficient of permeability is replaced with d 2 /12. We assume that the density ͑͒ varies linearly with concentration
here the parameter ␦ represents the fractional density difference between reacted and unreacted fluid, and a 0 represents the initial concentration of the chemical a. Note that aϭ0 corresponds to the lighter reacted fluid, while aϭa 0 is the concentration for the heavier unreacted fluid.
In both cases we assume that the density difference affects only the large gravity term; therefore, the continuity equation is reduced to
This allows to use the stream function ͑͒ as it relates to the velocity components in two dimensions:
We will also make use of the vorticity , defined by ٌ 2 ϭ.
We introduce dimensionless quantities using t ch ϭ(ka 0 n ) Ϫ1 as unit of time, Lϭ(Dt ch ) 1/2 as unit of length, D as unit of the stream function, D/L 2 as unit of the vorticity, and the dimensionless concentration ␣ϭa/a 0 . In these units the reaction-diffusion-advection equation becomes:
Darcy's law is now
Here Ra p is the Rayleigh number for flow in porous media
Using the vorticity-stream function formalism for Brinkman's equation in dimensionless units leads to
here S c ϭ/D corresponds to the Schmidt number. In this work, we will only consider the limit for infinite Schmidt number, since this limit approximates the experimental conditions near the onset of convection for the iodate-arsenous acid reaction. 15 Under this condition, Brinkman's equation is reduced to
with a dimensionless Rayleigh number for viscous fluids defined by the equation
The Navier-Stokes equations in this limit are identical to Brinkman's equation, with the exception of the second term in the left-hand side of Eq. ͑12͒, which corresponds to having an infinite wall separation (d→ϱ). It is immediately verified that Brinkman's equation reduces to Darcy's law for small wall separation (d→0), in this case the first term of Eq. ͑12͒ is neglected, and Darcy's law follows. We explore the effects of convection for fluids confined between two vertical walls. Two important lengths defined this geometry, one is the distance between the vertical walls, or gap width, the other is the horizontal width of the walls, in the direction perpendicular to the gap. The vertical direction is unbounded. Brinkman's equation and Darcy's law are two dimensional approximations to the three-dimensional system, the gap width is included in the equations. The NavierStokes equations result does not include the gap width since it is a limiting case for large gaps. This limit corresponds to a two-dimensional Navier-Stokes type flow, while in reality the flow should be considered three-dimensional. We include these results for comparison with the large gap results for Brinkman's equation. The resulting domain is twodimensional requiring boundary conditions to account for the horizontal dimensions of the walls. We solve the equations using free boundary conditions for the velocity field at the wall boundaries. This choice is the natural choice for flow in porous media but not for viscous flows, where zero velocity at the boundaries is more appropriate. Our goal is to compare the effects of the different types of autocatalytic reaction in both types of flow, therefore, we chose the same boundary conditions for both flows. The boundary conditions for the chemical concentration correspond to no flow boundary conditions.
We seek numerical solutions to these equations using two different methods. To precisely locate the transition to convection, we use a truncated Fourier series on the chemical concentration, the stream function, and the vorticity. The Fourier series expands the variables only on the horizontal ͑x͒ direction. The time evolution of the Fourier components is given by a set of coupled one-dimensional partial differential equations on the vertical ͑z͒ direction. Therefore the two-dimensional system is reduced to coupled onedimensional systems, which are solved using a standard finite differences approach. The second method consists in a full two-dimensional finite difference solution of the evolution equations. This method is computationally more expensive, but is required to observe the behavior of the convective front after convection sets in. After several trials, we settled for a spatial grid with ⌬zϭ0.35 and 200 grid points in the vertical direction. The number of grid points was adjusted in the horizontal directions to reflect the different domain widths, keeping ⌬x close to 0.1 for the horizontal grid size. The Poisson equation ͓Eq. ͑12͔͒ is solved using the GENBUN subroutine from the FISHPACK software package. 16 To sustain a steady front in the domain, we let the front propagate towards the vertical edge, then we shift all the variables backward before reaching the edge. In this manner we can have a continously propagating front without being stopped by the boundaries.
III. RESULTS
We obtained the speed of the reaction-diffusion front by setting the fluid velocities to zero. The results for the flat front velocities approximate very well the analytic results for the cubic equation ͑1/&͒, as well as the velocity for quadratic fronts with initial compact support ͑2͒.
1 For fronts with higher order autocatalysis, the speeds decrease with the order n, begining with a speed equal to 0.463 for nϭ2 to a speed of 0.231 for nϭ6. Therefore, for all fronts studied, the speed decreases with increasing autocatalytic order.
We locate the transition to convection for autocatalytic fronts using the Fourier analysis approach. We introduce small random perturbations to the flat front solutions to test the stability of the front. For Rayleigh numbers below the critical value for onset of convection, the perturbations died out, with the variables approaching the flat front solution. For Rayleigh numbers above the onset of convection the perturbations grow, leading to a stable front with steady convection in a reference frame co-moving with the front. We study first the dependence of the Rayleigh number with the width of the domain for porous media and viscous fluids. The results are independent of the gap width for viscous fluids ͑where it is assumed that gap width is large͒, and the dependence for porous media is included in the definition of the Rayleigh number for porous media (Ra p ). This follows from Eq. ͑9͒ where the equation depend only on one parameter, the dimensionless Rayleigh number.
In Fig. 1 we show the results for the critical Rayleigh number for the transition to convection with flows in porous media. The critical Rayleigh number is a function of the lateral slab dimensions. We found that in all cases the critical Rayleigh number decreases with increasing slab width, implying that convection is easier to set in when the fluid is less confined. In all cases, with the exception of the nϭ1 case, the critical Rayleigh number is higher for higher order autocatalysis, therefore the fronts are more stable for higher order autocatalysis. The exception to this rule is the nϭ1 case. In this case, the critical Rayleigh number is not only higher that the nϭ2 case, contrary to the previous trend, but also higher than all orders studied, up to nϭ6. This implies that the fronts with quadratic autocatalysis are relatively more stable than fronts with higher order autocatalysis. With the exception of the quadratic fronts, we found that the higher is the order the more stable is the front. We also note that the differences between critical Rayleigh numbers decrease as the slab width increases to about 10 dimensionless units, again with the exception of nϭ1 where the difference with all other orders becomes more pronounced.
In Fig. 2 we show the variation of the critical Rayleigh number as a function of slab width for viscous fluids. Here we find a behavior similar to the one found for flows in porous media. The critical Rayleigh number increases with increasing width, but the case nϭ1 presents a different behavior than the rest. It has a critical Rayleigh number signifi- cantly higher than the next order nϭ2, contrary to the behavior for other orders. The differences between the Rayleigh numbers for nϭ2 and higher orders are small, thus we only plot the results for nϭ6. The other results lie between nϭ2 and nϭ6. We also notice that the differences between nϭ1 and the other orders increase as the width is increased, but this effect is less pronounced as compared to flows in porous media. We also display the results for the flat front approximation based on an eikonal relation, noticing that this results become closer to the results of the reactiondiffusion model with nϾ1 for widths closer to 10 dimensionless units.
In Fig. 3 we plot the steady state velocity for a chemical front in porous media as a function of the Rayleigh number, for different orders of autocatalysis. The results are for a slab of width 4. The lines, from top to bottom, correspond respectively to quadratic (nϭ1), cubic (nϭ2), and higher orders (nϭ3, nϭ4, nϭ5) of autocatalysis. The graph shows that for small Rayleigh numbers convection is not present, but as the value of the Rayleigh number is increased, convection sets in and the speed of the front is increased. The rates of increase are higher for the smaller order of autocatalysis. The critical Rayleigh number, where convection starts, depends on the type of autocatalysis: It is highest for quadratic autocatalysis (nϭ1), then lower for cubic autocatalysis (n ϭ2), and then slightly higher for orders 3-5. A detailed description of the critical parameters for the transition to convection in a vertical slab requires the use of Brinkman's equation ͓Eq. ͑12͔͒. In this case, the critical Rayleigh number for a given width depends on the distance between the vertical plates. Consequently, two free parameters are required to precisely locate the onset of convection, in contrast with flows described by Darcy's law and the Navier-Stokes equations require only one parameter ͑the dimensionless Rayleigh number͒. Every single point in Figs. 1 and 2 now become a function of the gap width. We show this dependence with the gap width in Fig. 5 where we plot the value of the critical Rayleigh number as a function of the distance between the vertical walls for two different values of the horizontal widths of the walls. We compare the results of the thin front approximation to the results using a cubic autocatalytic reaction (nϭ2). The results are similar for the wider horizontal width of 10, as compared to the results for the narrower width of 4. This trend holds for all of gap widths studied. For gap widths larger than 30, we obtain the correct limit described by the Navier-Stokes equations. We also observed a better agreement between the critical Rayleigh numbers for reaction-diffusion equations and for the eikonal relation using larger horizontal widths, as was also observed in the Navier-Stokes equations ͑Fig. 2͒. For narrow gaps ͑distance between the walls͒, we find that the results match the trends observed with Darcy's law, which is an inverse square dependence with gap width, implying a constant value of the Rayleigh number for porous media (Ra p ). Therefore, the results for the eikonal relation can approximate the results of the reaction-diffusion equations, as long as the horizontal domain width is not too narrow, where the effect of the front thickness will be noticeable.
In Fig. 6 we show the critical Rayleigh number as a function of the distance between the walls for different types of autocatalysis. In these calculations, the horizontal wall width is fixed to four dimensionless units. The top curve corresponds to quadratic autocatalysis (nϭ1), the lower curve corresponds to cubic autocatalysis (nϭ2), while the middle curve provides the relation for autocatalysis of order 7 (nϭ6). The curves for autocatalysis of order four, five, and six, are not displayed, but they lie between the curves for orders three and seven in ascending order. We chose not to display them given the narrow difference between those curves. The Rayleigh numbers for the same gap width are higher for higher order of autocatalysis, with the exception of the quadratic case, which exhibits Rayleigh numbers higher than those of higher orders. The results of applying the thin front approximation with Darcy's law consists of an inverse square relation between the critical Rayleigh number and the gap width. This shows as a straight line in our logarithmic plot ͑Fig. 6͒. This behavior was also observed for narrow gap widths for all types of autocatalysis, however the exact limits do not match. For small gaps, the critical Rayleigh numbers in the reaction-diffusion model do not approach the results of the eikonal relation using Darcy's law.
Using Brinkman's equation, we found that the critical parameters for the transition to convection are similar for the different types of autocatalysis, and similar to the thin front approximation. However, the results in the nonlinear regime near the onset of convection vary with the order of autocatalysis. This can be observed in Figs. 3 and 4 , where we show the increase of speed of the front with convection as a function of the Rayleigh number. The rate of change of the speed with respect to the Rayleigh number ͑approximated as the slope of the best fit line near the onset of convection͒ varies for the different types of autocatalysis. We carried out careful measurements of the rate of increase near the onset of convection using Brinkman's equation on slabs with different horizontal widths. The results are presented in Fig. 7 where we plot the rate of increase of the speed near the onset of convection as a function of the order of autocatalysis. We found that for narrow horizontal slab widths, the rate of in- crease for the speed is small, becoming higher for larger widths. In the figure, each line represents a different horizontal width, with the lines for larger widths always above the smaller widths. It is also remarkable that the rates for the lower curves ͑smaller widths͒ decrease with the order of autocatalysis, while for larger widths increase at first, and then decrease. For example, for a width of six, the rate of increase for cubic autocatalysis is higher than for quadratic autocatalysis, but then it becomes lower for autocatalysis of order four and higher. The type of autocatalysis plays a more important role in determining the final speed of the convective front, than in determining the stability of the convectionless fronts.
IV. CONCLUSIONS
We have shown that the reaction mechanism plays an important role in determining the transition to convection and in the increase of front speed due to convection. We have analyzed three types of fluid flow: Viscous fluid described by the Navier-Stokes equations, flow in porous media described by Darcy's law, and flow in a vertical slab described by Brinkman's equation. In all cases the critical parameters for the transition to convection depend on the type of autocatalysis. However, the differences in the parameters for the transition to convection are relatively small for autocatalysis of order greater than two. The quadratic case presents a critical Rayleigh number higher than the other types of autocatalysis. The critical Rayleigh number increases with the order of autocatalysis, with the exception of quadratic autocatalysis. Not only the differences between the critical Rayleigh numbers are small for higher order autocatalysis, but we also found that the eikonal relation is a good approximation for flows described by Brinkman's equation. The approximation is better for larger horizontal widths.
These results agree with Martin's findings 12 that the eikonal relation is a good approximation for finding the dispersion relation ͑growth rate as a function of wavelength for perturbations of a flat front͒ for fronts in the iodate-arsenous acid reaction.
A more significant difference between the different types of autocatalysis appears in the nonlinear regime. Near the onset of convection, the increase of speed is significantly different for different types of autocatalysis, which cannot be accounted by the eikonal relation, or the dispersion relation. Therefore, experiments designed to test the effects of different reactions should focus on the nonlinear regimes, beyond the dispersion relation ͑which is obtained using a linear model͒.
